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SYMBIOTIC BRIGHT SOLITARY WAVE SOLUTIONS OF COUPLED
NONLINEAR SCHRO¨DINGER EQUATIONS
TAI-CHIA LIN AND JUNCHENG WEI
Abstract. Conventionally, bright solitary wave solutions can be obtained in self-focusing
nonlinear Schro¨dinger equations with attractive self-interaction. However, when self-
interaction becomes repulsive, it seems impossible to have bright solitary wave solu-
tion. Here we show that there exists symbiotic bright solitary wave solution of coupled
nonlinear Schro¨dinger equations with repulsive self-interaction but strongly attractive
interspecies interaction. For such coupled nonlinear Schro¨dinger equations in two and
three dimensional domains, we prove the existence of least energy solutions and study the
location and configuration of symbiotic bright solitons. We use Nehari’s manifold to con-
struct least energy solutions and derive their asymptotic behaviors by some techniques
of singular perturbation problems.
1. Introduction
In this paper, we study symbiotic bright solitary wave solutions of two-component sys-
tem of time-dependent nonlinear Schro¨dinger equations called Gross-Pitaevskii equations
given by{
i~∂tψ1 = − ~22m∆ψ1 + V˜1(x)ψ1 + U11|ψ1|2ψ1 + U12|ψ2|2ψ1,
i~∂tψ2 = − ~22m∆ψ2 + V˜2(x)ψ2 + U22|ψ2|2ψ2 + U12|ψ1|2ψ2, x ∈ Ω, t > 0.
(1.1)
which models a binary mixture of Bose-Einstein condensates with two different hyperfine
states called a double condensate. Here Ω ⊆ RN(N ≤ 3) is the domain for condensate
dwelling, ψj ’s are corresponding condensate wave functions, ~ is the Planck constant
divided by 2π and m is atom mass. The constants Ujj ∼ ajj, j = 1,2, and U12 ∼ a12,
where ajj is the intraspecies scattering length of the j-th hyperfine state and a12 is the
interspecies scattering length. Besides, V˜j is the trapping potential for the j-th hyperfine
state. In physics, the usual trapping potential is given by
V˜j(x) =
N∑
k=1
a˜j,k(xk − z˜j,k)2 for x = (x1, · · · , xN) ∈ Ω, j = 1, 2 ,
where a˜j,k ≥ 0 is the associated axial frequency, and z˜j = (z˜j,1, · · · , z˜j,N) is the center of
the trapping potential V˜j.
When the constant Ujj is negative and large enough, self-interaction of the j-th hyper-
fine state is strongly attractive and the associated condensate tends to increase its den-
sity at the centre of the trap potential in order to lower the interaction energy (cf. [32]).
1991 Mathematics Subject Classification. Primary 35B40, 35B45; Secondary 35J40.
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This may result in spikes and bright solitons which can be observed experimentally in
three dimensional domain (cf. [8]). Conversely, when the constant Ujj becomes positive,
self-interaction on the j-th hyperfine state turns into repulsion which cannot support
the existence of bright solitons. To create bright solitons while each self-repulsive state
cannot support a soliton by itself, the interspecies attraction may open a way to make
two-component solitons called symbiotic bright solitons. Recently, symbiotic bright soli-
tons in only one dimensional domain have been investigated as the interspecies scattering
length a12 is negative and sufficiently large (cf. [28]). However, in two and three dimen-
sional domains, the existence of symbiotic bright solitons has not yet been proved. In
this paper, we want to show the existence of such solitons by studying the least energy
solutions of two-component system of nonlinear Schro¨dinger equations.
To obtain symbiotic bright solitons in a double condensate, we may set ψ1(x, t) =
u(x) ei λ˜1 t, ψ2(x, t) = v(x) e
i λ˜2 t and use Feshbach resonance to let Ujj’s, λ˜j ’s and a˜j,k’s be
very large quantities. By rescaling and some simple assumptions, the system (1.1) with
very large Ujj’s, λ˜j’s and a˜j,k’s is equivalent to the following singularly perturbed problem:
ε2∆u− V1(x)u+ µ1u3 + βuv2 = 0 in Ω,
ε2∆v − V2(x)v + µ2v3 + βu2v = 0 in Ω,
u, v > 0 in Ω,
u = v = 0 on ∂Ω,
(1.2)
where u and v are corresponding condensate amplitudes, ε > 0 is a small parameter,
and β ∼ −a12 6= 0 is a coupling constant. Here we may use the zero Dirichlet bound-
ary condition which may come from [13]. To study symbiotic bright solitons of double
condensates, we consider two cases of the domain Ω. One is to set Ω as the entire space
RN(N ≤ 3). The other is to set Ω as a bounded smooth domain in RN . The constants
µj ∼ −Ujj ≤ 0 , j = 1, 2 , give repulsive self-interaction, and β ∼ −a12 > 0 means at-
tractive interaction of solutions u and v. Moreover, Vj > 0 , j = 1, 2 are the associated
trapping potentials.
Another motivation of studying the problem (1.2) may come from the formation of
bright solitons in a mixture of a degenerate Fermi gas with a Bose-Einstein condensate
in the presence of a sufficiently attractive boson-fermion interaction. Recently, there
have been successful observations and associated experimental and theoretical studies of
mixtures of a degenerate Fermi gas and a Bose-Einstein condensate (cf. [10], [24] and
[25]). Recently, the corresponding model has been given by
i~∂tϕ
B = − ~2
2mB
∆ϕB + VB(x)ϕ
B + gBNB|ϕB|2ϕB + gBF
NF∑
j=1
|ϕFj |2ϕB ,
i~∂tϕ
F
j = − ~
2
2mF
∆ϕFj + VF (x)ϕ
F
j + gBF NB |ϕB|2ϕFj , x ∈ Ω, t > 0 , j = 1, · · · , NF ,
(1.3)
where NB and NF are the numbers, mB and mF are the mass of bosons and fermions, VB
and VF are trap potentials, ϕ
B and ϕFj ’s are wave functions of Bose-Einstein condensate
and individual fermions, respectively. When the constant gB is positive i.e. repulsive
self-interaction, and the constant gBF is negative and large enough enough i.e. strongly
attractive interspecies interaction, bright solitons may appear in such a system. Using
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the system (1.3) (cf. [17]), a novel scheme to realize bright solitons in one-dimensional
atomic quantum gases (i.e. the domain Ω is one dimensional) can be found. Here we
want to study bright solitons in two and three-dimensional atomic quantum gases i.e.
the domain Ω is of two and three dimensional. As for the problem (1.2), we may set
ϕB = u(x) ei λ˜1 t/
√
NB, ϕ
F
j = vj(x) e
i λ˜2 t and suitable scales on mB, mF , VB, VF , gB, gBF
and λ˜j ’s. Then the system (1.3) can be transformed into
ε2∆u− V1(x)u+ µ1u3 + βu
NF∑
j=1
v2j = 0 in Ω,
ε2∆vj − V2(x)vj + βu2vj = 0 in Ω, j = 1, · · · , NF ,
u, vj > 0 in Ω,
u = v = 0 on ∂Ω ,
(1.4)
which can be generalized as a singular perturbation problem given by
ε2∆u− V1(x)u+ µ1u3 + βu
m∑
j=1
v2j = 0 in Ω,
ε2∆vj − V2(x)vj + µ2v3j + βu2vj = 0 in Ω, j = 1, · · · , m ,
u, vj > 0 in Ω,
u = v = 0 on ∂Ω ,
(1.5)
where µj ≤ 0, j = 1, 2 are constants and m = NF ∈ N. In particular, the problem (1.5)
becomes the problem (1.2) as m = 1.
In this paper, we study the asymptotic behavior of so-called least-energy solutions of
the problem (1.2) which may give symbiotic bright solitons in two and three dimensional
domains. By this, we mean
(1) (uε, vε) is a solution of (1.2),
(2) Eε,Ω,V1,V2[uε, vε] ≤ Eε,Ω,V1,V2[u, v] for any nontrivial solution (u, v) of (1.2),
where Eε,Ω,V1,V2[u, v] is the energy functional defined as follows:
Eε,Ω,V1,V2 [u, v] :=
ε2
2
∫
Ω
| ▽ u|2 + V1
2
∫
Ω
u2 − µ1
4
∫
Ω
u4 (1.6)
+
ε2
2
∫
Ω
| ▽ v|2 + V2
2
∫
Ω
v2 − µ2
4
∫
Ω
v4
− β
2
∫
Ω
u2v2 ,
for u, v ∈ H10 (Ω). Actually, it is easy to generalize our results to the problem (1.5) for
m ∈ N. In the case of Ω = RN , N = 2, 3, the least energy solution is also called ground
state. In our previous papers [20], [21] and [22], we studied the existence and asymptotics
of least energy solutions when µ1 and µ2 are positive constants. Hereafter, we study the
case that both µ1 and µ2 are non-positive constants.
As β ≤ √µ1µ2, it is obvious that∫
Ω
[ε2|∇u|2 + V1u2 + ε2|∇v|2 + V2v2] =
∫
Ω
[2βu2v2 + µ1u
4 + µ2v
4] ≤ 0 (1.7)
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for any (u, v) satisfying the problem (1.2) and hence u, v ≡ 0. To get nontrivial solutions
of the problem (1.2), the assumption β >
√
µ1µ2 is necessary. So throughout the paper,
we assume that
µ1 ≤ 0, µ2 ≤ 0, β > √µ1µ2 . (1.8)
To study least energy solutions, we define a Nehari manifold
N(ε,Ω, V1, V2) =
{
(u, v) ∈ H10 (Ω)×H10(Ω)
∣∣∣∣∣
∫
Ω
[ε2| ▽ u|2 + V1u2 + ε2| ▽ v|2 + V2v2]
=
∫
Ω
[2βu2v2 + µ1u
4 + µ2v
4]
}
.
(1.9)
Note that here, unlike [20]-[22], the Nehari manifold N(ε,Ω, V1, V2) has only one con-
straint. On such a manifold, we consider the minimization problem given by
cε,Ω,V1,V2 := inf
(u,v)∈N(ε,Ω,V1,V2),
u,v≥0,
u,v 6≡0
Eε,Ω,V1,V2[u, v] . (1.10)
When ε = 1, Vj ≡ λj > 0, j = 1, 2 i.e. constant trapping potentials and the domain
Ω = RN , the Euler-Lagrange equations of the problem (1.10) are ∆u− λ1u+ µ1u
3 + βuv2 = 0 in RN ,
∆v − λ2v + µ2v3 + βu2v = 0 in RN ,
u, v→ 0 as |y| → +∞.
(1.11)
For such a problem, we have
Theorem 1.1. Assume that (1.8) holds. Then c1,RN ,λ1,λ2 is attained and hence the prob-
lem (1.11) admits a ground state solution which is radially symmetric and strictly decreas-
ing.
Now we consider the existence of ground state solutions for nonconstant trapping po-
tentials. Namely, we consider the problem of coupled nonlinear Schro¨dinger equations
given by  ε
2∆u− V1(x)u+ µ1u3 + βuv2 = 0 in RN ,
ε2∆v − V2(x)v + µ2v3 + βu2v = 0 in RN ,
u, v→ 0 as |y| → +∞,
(1.12)
where Vj’s satisfy
0 < b0j = inf
x∈RN
Vj(x) ≤ lim|x|→∞Vj(x) = b
∞
j ≤ +∞, j = 1, 2 . (1.13)
Then we have the following theorem on the existence of ground state solutions of the
problem (1.12).
Theorem 1.2. If either b∞1 + b
∞
2 = +∞ or
cε,RN ,V1,V2 < cε,RN ,b∞1 ,b∞2 (1.14)
Then cε,RN ,V1,V2 is attained and hence the problem (1.12) admits a ground state solution.
Our next theorem is to show the asymptotic behavior of these ground state solutions as
follows:
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Theorem 1.3. Assume (1.8) and
inf
x∈Rn
c1,RN ,V1(x),V2(x) < c1,RN ,b∞1 ,b∞2 (1.15)
hold. Then
(i) cε,RN ,V1,V2 is attained and the problem (1.12) admits a ground state solution (uε, vε).
(ii) Let P ε and Qε be the unique local maximum points of uε and vε respectively. Let
uε(P
ε + εy) := Uε(y), vε(Q
ε + εy) := Vε(y). Then as ε → 0, (Uε, Vε) → (U, V ),
where (U, V ) satisfies (1.11). Furthermore,
|P ε −Qε|
ε
→ 0 , c1,RN ,V1(P ε),V2(Qε) → inf
x∈RN
c1,RN ,V1(x),V2(x) . (1.16)
Remark 1. In general, the condition (1.15) is difficult to check. However, if inf
x∈RN
Vj(x) <
lim
|x|→+∞
Vj(x), j = 1, 2, then (1.15) is satisfied.
Theorem 1.3 can be extended to general bounded domains. Firstly, we set Ω as a
bounded smooth domain and trapping potentials Vj’s as constants λj’s. Namely, we
consider the following system
ε2∆u− λ1u+ µ1u3 + βuv2 = 0 in Ω,
ε2∆v − λ2v + µ2v3 + βu2v = 0 in Ω,
u, v > 0 in Ω,
u = v = 0 on ∂Ω .
(1.17)
The asymptotic behavior of corresponding least energy solutions can be characterized by
Theorem 1.4. For any β >
√
µ1µ2 and ε sufficiently small, the problem (1.17) has a
least energy solution (uε, vε). Let Pε and Qε be the local maximum points of uε and vε,
respectively. Then |Pε −Qε|/ε→ 0,
d(Pε, ∂Ω)→ max
P∈Ω
d(P, ∂Ω), d(Qε, ∂Ω)→ max
P∈Ω
d(P, ∂Ω) , (1.18)
and uε(x), vε(x) → 0 in C1loc(Ω¯\{Pε, Qε}). Furthermore, as ε → 0, (Uε, Vε) → (U0, V0)
which is a least-energy solution of (1.11), where
Uε(y) := uε(Pε + εy), Vε(y) := vε(Pε + εy) .
By Theorem 1.4, we may generalize Theorem 1.3 to bounded smooth domains. The main
idea may follow the proof of Corollary 2.7 in [22]. Moreover, by the same arguments of
Theorems 1.1-1.4, one may get similar results for the problem (1.5).
As µ1, µ2 > 0, the assumption β < β0 is essential in our previous works (cf. [20]-[22])
for the existence and the asymptotic behaviors of ground state (least energy) solutions,
where 0 < β0 <
√
µ1 µ2 is a small constant. For larger β’s, results of ground and bound
state solutions can be found in [1], [3], [33] and [34]. On the other hand, when the sign of
µj’s becomes negative i.e. µ1, µ2 ≤ 0, the assumption of β’s can be changed as β > √µ1 µ2
which is sufficient to prove the existence and the asymptotic behaviors of ground state
solutions (see Theorem 1.1-1.4). These are new results of two and three dimensional
bright solitary wave solutions for negative µj ’s.
Conventionally, there has been a vast literature on the study of concentration phe-
nomena for single singularly perturbed nonlinear Schro¨dinger equations with attractive
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self-interaction. See [2], [4], [5], [6], [29], [30], [31], [9], [14], [15], [16], [18], [23], [37],
[38], [36] and the references therein. In particular, a good survey can be found in [26]
and [27]. However, until now, there are only few papers working on systems of coupled
nonlinear Schro¨dinger equations, especially for two and three dimensional Bose-Einstein
condensates. This paper seems to be the first in showing rigorously that strong inter-
species attraction may produce symbiotic bright solitons in two and three dimensional
Bose-Einstein condensates even though self-interactions are repulsive.
The organization of this paper is as follows:
In Section 2, we extend the classical Nehari’s manifold approach to a system of semilinear
elliptic equations in order to find a least energy solution to the problem (1.2). Hereafter,
we need the condition β >
√
µ1 µ2 for strong interspecies attraction. Using approximation
argument and energy upper bound, we may show Theorem 1.1, 1.2 and Theorem 1.3 in
Section 3 and 4, respectively. In Section 5, we follow the same ideas of [20] to complete
the proof of Theorem 1.4.
Throughout this paper, unless otherwise stated, the letter C will always denote various
generic constants which are independent of ε, for ε sufficiently small. The constant σ ∈
(0, 1
100
) is a fixed small constant.
Acknowledgments: The research of the first author is partially supported by a research
Grant from NSC of Taiwan. The research of the second author is partially supported by
an Earmarked Grant from RGC of Hong Kong. The authors also want to express their
sincere thanks to the referee’s suggestions.
2. Nehari’s Manifold Approach : Existence of a Least-Energy Solution
to (1.2)
In this section, we use Nehari’s manifold approach to obtain a least energy solution to
(1.2). Nehari’s manifold approach has been used successfully in the study of single equa-
tions. Conti et al [7] have used Nehari’s manifold to study solutions of competing species
systems which are related to an optimal partition problem in N -dimensional domains.
In our previous paper [20], we also used Nehari’s manifold approach to find least energy
solutions and symbiotic bright solitons.
We consider the following minimization problem
cε,Ω,V1,V2 := inf
(u,v)∈N(ε,Ω,V1,V2),
u,v≥0,
u,v 6≡0
Eε,Ω,V1,V2[u, v] (2.1)
where N(ε,Ω, V1, V2) and Eε,Ω,V1,V2 are defined in Section 1. Note that, for N ≤ 3, by
the compactness of Sobolev embedding H10 (Ω) →֒ L4(Ω), N(ε,Ω, V1, V2) and cε,Ω,V1,V2 are
well-defined. Now we want to show that
Theorem 2.1. Let Ω be a smooth and bounded domain in RN , N ≤ 3. Suppose that
β >
√
µ1µ2. Then for ε sufficiently small, cε,Ω,V1,V2 can be attained by some (uε, vε) ∈
N(ε,Ω, V1, V2) satisfying
C1ε
N ≤
∫
Ω
u4ε ≤ C2εN , C1εN ≤
∫
Ω
v4ε ≤ C2εN , (2.2)
6
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where C1, C2 are two positive constants independent of ε and Ω.
We first note that if (u, v) ∈ N(ε,Ω, V1, V2), then
Eε,Ω,V1,V2[u, v] =
1
4
(
ε2
∫
Ω
| ▽ u|2 +
∫
Ω
V1u
2 + ε2
∫
Ω
| ▽ v|2 +
∫
Ω
V2v
2
)
(2.3)
=
1
4
[
µ1
∫
Ω
u4 + 2β
∫
Ω
u2v2 + µ2
∫
Ω
v4
]
.
Let (un, vn) be a minimizing sequence. Then by Sobolev embedding H
1
0 (Ω) →֒ Lq(Ω) for
1 < q < 2N
N−2 , we see that un → uε, vn → vε(up to a subsequence) for some functions
uε ≥ 0, vε ≥ 0 in L4(Ω) and hence
Eε,Ω,V1,V2[un, vn]→
1
4
[
µ1
∫
Ω
u4ε + 2β
∫
Ω
u2εv
2
ε + µ2
∫
Ω
v4ε
]
= cε,Ω,V1,V2 . (2.4)
By (2.4) and the weak lower semicontinuity of the H1 norm, we have
cε,Ω,V1,V2 ≥
1
4
(
ε2
∫
Ω
| ▽ uε|2 +
∫
Ω
V1u
2
ε + ε
2
∫
Ω
| ▽ vε|2 +
∫
Ω
V2v
2
ε
)
, (2.5)
and
ε2
∫
Ω
|▽uε|2+
∫
Ω
V1u
2
ε+ε
2
∫
Ω
|▽vε|2+
∫
Ω
V2v
2
ε ≤ µ1
∫
Ω
u4ε+2β
∫
Ω
u2εv
2
ε +µ2
∫
Ω
v4ε . (2.6)
Next we consider for t > 0,
β(u,v)(t) = Eε,Ω,V1,V2[
√
tu,
√
tv] . (2.7)
Our first claim is
Claim 1. If 2β
∫
Ω
u2v2+µ1
∫
Ω
u4+µ2
∫
Ω
v4 > 0, then β(u,v)(t) attains a unique maximum
point t0, where
t0 =
∫
Ω
[ε2| ▽ u|2 + V1u2 + ε2| ▽ v|2 + V2v2]∫
Ω
[2βu2v2 + µ1u4 + µ2v4]
. (2.8)
Furthermore, (
√
t0u,
√
t0v) ∈ N(ε,Ω, V1, V2).
Proof. Since
β(u,v)(t) = t
[
ε2
2
∫
Ω
| ▽ u|2 + 1
2
∫
Ω
V1u
2 +
ε2
2
∫
Ω
| ▽ v|2 + 1
2
∫
Ω
V2v
2
]
−t2
[
µ1
4
∫
Ω
u4 +
µ2
4
∫
Ω
v4 +
1
2
β
∫
Ω
u2v2
]
,
then the proof follows by simple calculations. We omit the details here. 
By Claim 1 and proper choice of (u, v), it is easy to check that the Nehari manifold
N(ε,Ω, V1, V2) is nonempty. Our second claim is
Claim 2. The inequalities of (2.2) hold if β >
√
µ1µ2.
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Proof. We first prove the upper bound of cε,Ω,V1,V2 . Since β >
√
µ1µ2, there exists α 6= 0
such that 2βα2 + µ1α + µ2 > 0. In fact, we may set α = −µ2µ1 if µj < 0, j = 1, 2. For
ε sufficiently small, we choose a test function w such that support(w) ⊂ Bε(P ) where
P ∈ Ω. Let (u, v) = (αw,w). Then ∫
Ω
[2βu2v2 + µ1u
4 + µ2v
4] > 0. By Claim 1, there
exists t0 > 0 independent of ε such that (
√
t0u,
√
t0v) ∈ N(ε,Ω, V1, V2). Hence we obtain
cε,Ω,V1,V2 ≤ CεN , (2.9)
where C is a positive constant independent of ε and Ω. Combining (2.9) with (2.3), we
obtain that ∫
Ω
[ε2|∇uε|2 + V1u2ε + ε2|∇v2ε |+ V2v2ε ] ≤ C2εN . (2.10)
For (2.10), we may rescale spatial variables by ε and apply the standard Gagliardo-
Nirenberg-Sobolev inequality in RN (cf. [11]). Consequently,∫
Ω
u4ε ≤ C2εN ,
∫
Ω
v4ε ≤ C2εN , (2.11)
where C2 is a positive constant independent of ε and Ω.
For lower bound estimates, the definition of the manifold N(ε,Ω, V1, V2) may give∫
Ω
[ε2|∇u|2 + V1u2 + ε2|∇v2|+ V2v2] ≤ 2β
∫
Ω
u2v2 ,
for any (u, v) ∈ N(ε,Ω, V1, V2). On the other hand, as for (2.11), we may rescale spatial
variables by ε and apply the standard Gagliardo-Nirenberg-Sobolev inequality in RN
(cf. [11]) to derive∫
Ω
[ε2|∇u|2+V1u2+ε2|∇v2|+V2v2] ≥ CεN/2
[
(
∫
Ω
u4)1/2 + (
∫
Ω
v4)1/2
]
≥ CεN/2(
∫
Ω
u2v2)1/2
for any (u, v) ∈ N(ε,Ω, V1, V2), and hence we obtain that for any (u, v) ∈ N(ε,Ω, V1, V2),
(u, v) 6≡ (0, 0), ∫
Ω
u2v2 ≥ CεN , (2.12)
where C is a positive constant independent of ε and Ω. Due to
∫
Ω
u2v2 ≤ (∫
Ω
u4
)1/2 (∫
Ω
v4
)1/2
,
(2.11) and (2.12) may yield lower bound estimates
∫
Ω
u4ε ≥ C1εN and
∫
Ω
v4ε ≥ C1εN , where
C1 is a positive constant independent of ε and Ω.

Finally we claim that
Lemma 2.2. (uε, vε) is a least-energy solution of (1.2).
Proof. By Claim 2 and (2.6), we have 2β
∫
Ω
u2εv
2
ε + µ1
∫
Ω
u4ε + µ2
∫
Ω
v4ε > 0. Moreover, by
Claim 1, there exists t0 > 0 such that (
√
t0uε,
√
t0vε) ∈ N(ε,Ω, V1, V2) i.e.
ε2
∫
Ω
| ▽ uε|2+
∫
Ω
V1u
2
ε + ε
2
∫
Ω
| ▽ vε|2+
∫
Ω
V2v
2
ε = t0
[
µ1
∫
Ω
u4ε + 2β
∫
Ω
u2εv
2
ε + µ2
∫
Ω
v4ε
]
.
(2.13)
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Consequently, (2.6) and (2.13) may give
t0 ≤ 1 . (2.14)
On the other hand,
Eε,Ω,V1,V2[
√
t0uε,
√
t0vε] ≥ cε,Ω,V1,V2 =
1
4
[
µ1
∫
Ω
u4ε + 2β
∫
Ω
u2εv
2
ε + µ2
∫
Ω
v4ε
]
, (2.15)
Eε,Ω,V1,V2[
√
t0uε,
√
t0vε] = t
2
0
1
4
[
µ1
∫
Ω
u4ε + 2β
∫
Ω
u2εv
2
ε + µ2
∫
Ω
v4ε
]
. (2.16)
Since t0 > 0, (2.15) and (2.16) imply that t0 ≥ 1. Thus by (2.14), we obtain t0 = 1 and
(uε, vε) ∈ N(ε,Ω, V1, V2). Therefore, (uε, vε) attains the minimum cε,Ω,V1,V2 .
Now we want to claim that (uε, vε) is a nontrivial solution of (1.2). Since (uε, vε)
is an energy minimizer on the Nehari manifold N(ε,Ω, V1, V2), there exists a Lagrange
multiplier α such that
▽ Eε,Ω,V1,V2[uε, vε] + α▽G[uε, vε] = 0 , (2.17)
where
G[u, v] =
∫
Ω
[ε2| ▽ u|2 + V1u2 + ε2| ▽ v|2 + V2v2]−
∫
Ω
[µ1u
4 + 2βu2v2 + µ2v
4] . (2.18)
Acting (2.17) with (uε, vε), and making use of the fact that (uε, vε) ∈ N(ε,Ω, V1, V2), we
see that
α
∫
Ω
2[ε2| ▽ uε|2 + V1u2ε + ε2| ▽ vε|2 + V2v2ε ]− 8α
∫
Ω
[µ1u
4
ε + 2βu
2
εv
2
ε + µ2v
4
ε ] = 0 ,
and
α
∫
Ω
[µ1u
4
ε + 2βu
2
εv
2
ε + µ2v
4
ε ] = 0 .
Since (uε, vε) 6≡ (0, 0) and∫
Ω
[µ1u
4
ε + 2βu
2
εv
2
ε + µ2v
4
ε ] =
∫
Ω
[ε2| ▽ uε|2 + V1u2ε + ε2| ▽ vε|2 + V2v2ε ] > 0 ,
then α = 0. This proves that
▽Eε,Ω,V1,V2[uε, vε] = 0
and hence (uε, vε) is a critical point of Eε,Ω,V1,V2[u, v] and satisfies (1.2). By Hopf boundary
Lemma, it is easy to show that uε > 0 and vε > 0. Therefore, we may complete the proof
of this Lemma and Theorem 2.1.

Another useful characterization of cε,Ω,V1,V2 is given as follows:
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Lemma 2.3. If β >
√
µ1µ2, then we have
cε,Ω,V1,V2 = inf
u,v∈H10(Ω), u 6≡0,v 6≡0,∫
Ω[2βu
2v2+µ1u
4+µ2v
4]>0
sup
t>0
Eε,Ω,V1,V2[
√
tu,
√
tv] (2.19)
= inf
u,v∈H1
0
(Ω), u 6≡0,v 6≡0,∫
Ω[2βu
2v2+µ1u
4+µ2v
4]>0
∫
Ω
[|∇u|2 + V1u2 + |∇v|2 + V2v2]
(
∫
Ω
[2βu2v2 + µ1u4 + µ2v4])
1
2
.
Proof. The last identity in (2.19) follows from simple calculations. To prove (2.19), we
denote the right hand side of (2.19) by mε. From Theorem 2.1, cε,Ω,V1,V2 is attained at
(uε, vε) ∈ N(ε,Ω, V1, V2). Moreover, by Claim 1 in Theorem 2.1, Eε,Ω,V1,V2[
√
tuε,
√
tvε]
attains its maximum at t = 1. Hence
mε ≤ cε,Ω,V1,V2 = Eε,Ω,V1,V2 [uε, vε] = sup
t>0
Eε,Ω,V1,V2[
√
tuε,
√
tvε]. (2.20)
On the other hand, fix u, v ∈ H10 (Ω) such that u, v ≥ 0 and
∫
Ω
[2βu2v2+µ1u
4+µ2v
4] > 0.
Let t0 be a critical point of β(u,v)(t). Then (
√
t0u,
√
t0v) ∈ N(ε,Ω, V1, V2),
cε,Ω,V1,V2 ≤ Eε,Ω,V1,V2(
√
t0u,
√
t0v) ≤ sup
t>0
Eε,Ω,V1,V2 [
√
tu,
√
tv]
and hence cε,Ω,V1,V2 ≤ mε. Therefore, we may complete the proof of this Lemma.

3. Proofs of Theorem 1.1 and Theorem 1.2
In this section, we prove Theorem 1.1 and Theorem 1.2 by approximation argument.
Fix a ball Ω = Bk, where k is a large parameter tending to infinity. By Theorem 2.1, each
cε,Bk,V1,V2 is attained by (uk, vk) a least energy solution of the following problem:
ε2△u(x)− V1(x)u(x) + µ1u3 + βuv2 = 0 in Bk,
ε2△v(x)− V2(x)v(x) + µ2v3 + βu2v = 0 in Bk,
u, v > 0 in Bk, u = v = 0 on ∂Bk.
(3.1)
By examining the argument in the proof of Theorem 2.1, we may obtain the following
estimates:
C1ε
N ≤
∫
Bk
u4k ≤ C2εN , C1εN ≤
∫
Bk
v4k ≤ C2εN , (3.2)
where C1 and C2 are positive constants independent of 0 < ε ≤ 1 and k ≥ 1. By the
system (3.1) and (3.2), we may derive that∫
Bk
[ε2|∇uk|2 + V1u2k + ε2|∇vk|2 + V2v2k] ≤ C3εN , (3.3)
where C3 is a positive constant independent of 0 < ε ≤ 1 and k ≥ 1. We may extend
each uk and vk equal to 0 outside Bk, respectively. Then (3.3) may give
||uk||H1(RN ) + ||vk||H1(RN ) ≤ C4εN/2 , (3.4)
where C4 is a positive constant independent of 0 < ε ≤ 1 and k ≥ 1.
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Now we study the asymptotic behavior of uk, vk as k → ∞. Due to (3.4), we obtain
that as k → ∞, uk ⇀ u¯, vk ⇀ v¯, where u¯, v¯ ≥ 0 and u¯, v¯ ∈ H1(RN). Moreover, the
standard elliptic regularity theorem may give that (u¯, v¯) is a solution of the system{
ε2∆u¯− V1u¯+ µ1u¯3 + βv¯2u¯ = 0 in RN ,
ε2∆v¯ − V2v¯ + µ2v¯3 + βu¯2v¯ = 0 in RN . (3.5)
Then we have the following lemma, whose proof is exactly same as those of Theorem 3.3
in [22].
Lemma 3.1.
(a) As k →∞, cε,Bk,V1,V2 → cε,RN ,V1,V2 ,
(b) If u¯ 6≡ 0, v¯ 6≡ 0, then (u¯, v¯) is a solution of (1.12) and attains cε,RN ,V1,V2, i.e. (u¯, v¯)
is a ground state solution of (1.12).
It remains to show that u¯ 6≡ 0, v¯ 6≡ 0. Note that if u¯ ≡ 0, then v¯ satisfies
ε2∆v¯ − V2v¯ + µ2v¯3 = 0 . (3.6)
Due to µ2 ≤ 0, it is obvious that v¯ ≡ 0. Therefore, we only need to exclude the case that
u¯ ≡ v¯ ≡ 0.
Suppose V (x) ≡ λ1 and V2(x) ≡ λ2. Then by the Maximum Principle and Moving
Plane Method, both uk and vk are radially symmetric, strictly decreasing and satisfy
ε2∆uk − λ1uk + µ1u3k + βukv2k = 0 in Bk,
ε2∆vk − λ2vk + µ2v3k + βu2kvk = 0 in Bk ,
uk = uk(r), vk = vk(r) > 0 in Bk,
u = v = 0 on ∂Bk.
(3.7)
Here we have used the fact that λj > 0, µj ≤ 0 , j = 1, 2 and β > 0. Moreover, since the
origin 0 is the maximum point of uk and vk, then ∆uk(0) ,∆vk(0) ≤ 0 and uk(0) , vk(0) > 0.
Hence by (3.7), we have
β(vk(0))
2 ≥ −µ1(uk(0))2 + λ1, β(uk(0))2 ≥ −µ2(vk(0))2 + λ2 .
Consequently, as k → +∞,
β(v0(0))
2 ≥ −µ1(u0(0))2 + λ1 ≥ λ1 , (3.8)
β(u0(0))
2 ≥ −µ2(v0(0))2 + λ2 ≥ λ2 .
Here we have used the fact that µj ≤ 0 and (uk, vk) → (u0, v0) in C2loc(RN). Therefore,
(3.8) may imply that u0 6≡ 0, v0 6≡ 0 and (u0, v0) ∈ N(1,RN , λ1, λ2) is a minimizer of
c1,RN ,λ1,λ2 .
On the other hand, any minimizer of c1,RN ,λ1,λ2, called (U0, V0), must satisfy ∆U0 − λ1U0 + µ1U
3
0 + βU0V
2
0 = 0 in R
N ,
∆V0 − λ2V0 + µ2V 30 + βU20V0 = 0 in RN ,
U0, V0 > 0, U0, V0 ∈ H1(RN).
(3.9)
Due to β > 0, the problem (3.9) is of cooperative systems. By the moving plane method
(cf. [35]), (U0, V0) must be radially symmetric and strictly decreasing. This may complete
the proof of Theorem 1.1.
To finish the proof of Theorem 1.2, we divide the proof into two cases as follows:
11
SYMBIOTIC SOLITONS IN COUPLED NLS TAI-CHIA LIN AND JUNCHENG WEI
Case 1: either b∞1 =∞ or b∞2 =∞.
Proof. In this case, we note that
cε,Bk,V1,V2 =
1
4
∫
Bk
[
µ1u
4
k + 2βu
2
kv
2
k + µ2v
4
k
]
≤ C3εN ,
and
cε,Bk,V1,V2 =
1
4
∫
Bk
[
ε2|∇uk|2 + V1u2k + ε2|∇vk|2 + V2v2k
]
≥ C4εN/2
(√∫
Bk
u4k +
√∫
Bk
v4k
)
.
Consequently,
C5ε
N ≤ cε,Bk,V1,V2 ≤ C6εN , (3.10)
where C5, C6 are independent of ε ≤ 1, k ≥ 1. This gives∫
Bk
[ε2|∇uk|2 + V1u2k + ε2|∇vk|2 + V2v2k] ≤ C7εN .
By Sobolev’s embedding (since N ≤ 3),∫
Bk
u6k ≤ C8εN ,
∫
Bk∩{|x|≥R}
u2k ≤ C9εN ·
1
min
|x|≥R
V1(x)
. (3.11)
Hence ∫
Bk∩{|x|≥R}
u4k ≤
(∫
Bk∩{|x|≥R}
u2k
)1/2(∫
Bk∩{|x|≥R}
u6k
)1/2
≤ C10εN ·
 1
min
|x|≥R
V1(x)
1/2 . (3.12)
By (3.2) and (3.12), we have∫
Bk∩{|x|≤R}
u4k ≥
(
C1 − C10√
min
|x|≥R
V1(x)
)
εN . (3.13)
Thus if uk ⇀ u, then u ≥ 0 and∫
BR
u4 ≥
(
C1 − C10√
min
|x|≥R
V1(x)
)
εN . (3.14)
Due to b∞1 = +∞, we may choose R large enough such that C1 − C10√ min
|x|≥R
V1(x)
≥ 1
2
C1.
Consequently,
∫
BR
u4 ≥ 1
2
C1ε
N and hence u 6≡ 0.

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Case 2: b∞j < +∞, j = 1, 2
Proof. Suppose u ≡ v ≡ 0. Then
uk, vk → 0 in C2loc(RN). (3.15)
Let M and R be such that
|Vj(x)− b∞j | <
1
M
for |x| ≥ R . (3.16)
Let χR(x) be a smooth cut-off function such that χR(x) = 1 for |x| ≤ R, χR(x) = 0 for
|x| ≥ 2R. Now we set
u˜k = uk(1− χR) , v˜k = vk(1− χR) . (3.17)
Then we have∫
RN
|∇u˜k|2 =
∫
RN
|∇uk|2 − 2
∫
RN
∇uk · ∇(ukχR) +
∫
RN
|∇(ukχR)|2,
and
lim
k→+∞
(∣∣∣∣∣
∫
RN
∇uk · ∇(ukχR)
∣∣∣∣∣ +
∫
RN
|∇ukχR|2
)
= 0 .
Now we denote o(1) as the terms that approach zero as k →∞. Thus we can write∫
RN
|∇u˜k|2 =
∫
RN
|∇uk|2 + o(1). (3.18)
Similarly,∫
RN
|∇v˜k|2 =
∫
RN
|∇vk|2+ o(1),
∫
RN
V1u˜
p
k =
∫
RN
V1u
p
k+ o(1),
∫
RN
V2v˜
p
k =
∫
RN
V2v
p
k+ o(1)
for all 2 ≤ p ≤ 6. Hence Eε,Bk,V1,V2[uk, vk] = cε,Bk,V1,V2 = Eε,Bk,V1,V2 [u˜k, v˜k] + o(1). More-
over, ∫
RN
[ε2|∇u˜k|2 + b∞1 u˜2k + ε2|∇v˜k|2 + b∞2 v˜2k] (3.19)
−
∫
RN
[µ1u˜
4
k + 2βu˜
2
ku˜
2
k + µ1v˜
4
k]
=
∫
RN
(b∞1 − V1(x))u˜2k +
∫
RN
(b∞2 − V2(x))v˜2k + o(1)
=O
( 1
M
∫
RN
(u˜2k + v˜
2
k)
)
+ o(1)
=O
( 1
M
)
+ o(1), j = 1, 2 .
Similarly, we have∫
RN
[2βu˜2kv˜
2
k + µ1u˜
4
k + µ2v˜
4
k] =
∫
RN
[2βu2kv
2
k + µ1u
4
k + µ2v
4
k] + o(1)Cε
N . (3.20)
13
SYMBIOTIC SOLITONS IN COUPLED NLS TAI-CHIA LIN AND JUNCHENG WEI
Hence by (3.19), (3.20) and (2.8) of Claim 1 in Theorem 2.1, we see that the unique
critical point t˜ of the function Eε,RN ,b∞1 ,b∞2 [
√
tu˜k,
√
tv˜k] satisfies
|t˜− 1| = O
( 1
M
)
+ o(1) , (3.21)
which yields
Eε,RN ,b∞1 ,b∞2
[√
t˜u˜k,
√
t˜v˜k
]
=Eε,RN ,b∞1 ,b∞2 [u˜k, v˜k] +O
( 1
M
)
+ o(1)
=Eε,RN ,V1,V2 [u˜k, v˜k] +O
( 1
M
)
+ o(1)
=Eε,RN ,V1,V2 [uk, vk] +O
( 1
M
)
+ o(1)
=cε,Bk,V1,V2 +O
( 1
M
)
+ o(1).
On the other hand, (√
t˜u˜k,
√
t˜v˜k
)
∈ N(ε,RN , b∞1 , b∞2 ) (3.22)
and then
Eε,Rn,b∞1 ,b∞2
[√
t˜u˜k,
√
t˜v˜k
]
≥ cε,RN ,b∞1 ,b∞2 (3.23)
Consequently, cε,RN ,b∞1 ,b∞2 ≤ cε,Bk,V1,V2 + O
(
1
M
)
+ o(1). Letting M → +∞ and k → +∞,
we obtain cε,RN ,b∞1 ,b∞2 ≤ cε,RN ,V1,V2 which may contradict with (1.14). Therefore, we may
complete the proof of Theorem 1.2. 
4. Proof of Theorem 1.3
In this section, we study the asymptotic behavior of (uε, vε) as ε → 0. Firstly, the
energy upper bound is stated as follows:
Lemma 4.1. For β > 0 and 0 < ε << 1,
cε,RN ,V1,V2 ≤ εN [ inf
x∈RN
c1,RN ,V1(x),V2(x) + o(1)]. (4.1)
PROOF. Fix a point x0 ∈ RN . Let (U0, V0) be a minimizer of c1,RN ,V1(x0),V2(x0). We
set u(x) = U0(
x−x0
ε
), v(x) = V0(
x−x0
ε
) and then use (2.19) to compute the upper bound
of cε,RN ,V1,V2 . Due to cε,RN ,λ1,λ2 = ε
Nc1,RN ,λ1,λ2 , the rest of the proof is simple and thus
omitted. 
Let uε(P
ε) = sup
x∈RN
uε(x) and vε(Q
ε) = sup
x∈RN
vε(x). We want to claim that sup
ε>0
(|P ε| +
|Qε|) < +∞. To this end, we need to show that both uε and vε are uniformly bounded.
In fact, as for the proof of (3.11), we have∫
RN
(uqε + v
q
ε) ≤ cεN , 2 ≤ q ≤ 6. (4.2)
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The equation of uε gives
ε2△uε =V1uε − µ1u3ε − βuεv2ε
≥− βv2εuε
=− C(x)uε in RN .
Let U˜ε(y) = uε(ε y), and Cε(y) = C(ε y). Then
△U˜ε + Cε(y)U˜ε ≥ 0 in RN , and Cε ∈ L3(RN) . (4.3)
By the subsolution estimate (Theorem 8.17 of [12])
|U˜ε(y)| ≤ C
(∫
B(y,1)
|U˜ε|2
)1/2
, (4.4)
where C > 0 is independent of ε. Hence by (4.2) and (4.4), we see that ||U˜ε||L∞ ≤ C and
hence 0 < uε ≤ C. Similarly, we may obtain 0 < vε ≤ C.
Claim 3: If |P ε| → +∞, then b∞1 < +∞. Suppose b∞1 = +∞. Since P ε is a local
maximum point of uε, then △uε(P ε) ≤ 0. Hence by the equation of uε, we may obtain
V1(P
ε)uε(P
ε)− µ1u3ε(P ε)− βuε(P ε)v2ε(P ε) = ε2△uε(P ε) ≤ 0,
which implies that
V1(P
ε) ≤ βv2ε(P ε) ≤ C, (4.5)
and hence
|P ε| ≤ C0 . (4.6)
Therefore, we may complete the proof of Claim 3. Moreover, we may also claim that
b∞2 < +∞. In fact, suppose b∞2 = +∞. Set Uε(y) := uε(P ε + εy), Vε(y) := vε(P ε + εy).
Then Uε → U0 in C2loc(RN) and Vε → V0 in C2loc(RN), where (U0, V0) satisfies
∆U0 − b∞1 U0 + µ1U30 + βU0V 20 = 0 in RN . (4.7)
Hence by (4.5), we may obtain V0(0) > 0, and then V0 6≡ 0. This implies that
cε,RN ,V1,V2 =
1
4
∫
RN
[ε2|∇uε|2 + V1u2ε + ε2|∇vε|2 + V2v2ε ]
≥ 1
4
∫
|x|>R
[ε2|∇uε|2 + V1u2ε + ε2|∇vε|2 + V2v2ε ]
≥ 1
4
∫
|x|>R
V2v
2
ε
≥ CεN
[
inf
|x|>R
V2(x)
]
which contradicts with (4.1). Here we have used the hypothesis that b∞2 = +∞. Thus
we may assume that b∞1 < +∞ and b∞2 < ∞. As before, (Uε, Vε) converges to (U0, V0)
satisfying
∆U0 − b∞1 U0 + µ1U30 + βU0V 20 = 0, ∆V0 − b∞2 V0 + µ1V 30 + βV0U20 = 0 in RN . (4.8)
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Then again V0 6≡ 0 since otherwise, (U0, V0) ≡ (0, 0) which is impossible. Moreover,
cε,RN ,V1,V2 =
1
4
∫
RN
[ε2|∇uε|2 + V1u2ε + ε2|∇vε|2 + V2v2ε ]
≥ 1
4
∫
|x|>R
[ε2|∇uε|2 + V1u2ε + ε2|∇vε|2 + V2v2ε ]
≥ εN 1
4
∫
RN
[|∇U0|2 + b∞1 U20 + |∇V0|2 + b∞2 V 20 ] + o(εN)
≥ εN [c1,RN ,b∞1 ,b∞2 + o(1)]
which may contradict with (4.1). Therefore, we complete the proof of sup
ε>0
|P ε| + |Qε| <
+∞.
Let (P ε, Qε) → (P 0, Q0). As before, (Uε, Vε) = (uε(P ε + εy), vε(P ε + εy)) → (U0, V0),
where (U0, V0) satisfies{
△U − V1(P 0)U + µ1U3 + βUV 2 = 0 in RN ,
△V − V2(P 0)V + µ2V 3 + βU2V = 0 in RN .
Then by the strong Maximum Principle, U0, V0 > 0. Furthermore, we have
lim
ε→0
ε−Ncε,RN ,V1,V2 ≥ c1,RN ,V1(P 0),V2(P 0).
Hence by Lemma 4.1,
c1,RN ,V1(P 0),V2(P 0) ≤ inf
x∈RN
c1,RN ,V1(x),V2(x) ,
i.e. c1,RN ,V1(P 0),V2(P 0) = inf
x∈RN
c1,RN ,V1(x),V2(x) .
It remains to show that |P
ε−Qε|
ε
→ 0. In fact, if |P ε−Qε|
ε
→ +∞, then similar arguments
may give
lim
ε→0
ε−Ncε,RN ,V1,V2 ≥ c1,RN ,V1(P 0),V2(P 0) + c1,RN ,V1(Q0),V2(Q0) ≥ 2 inf
x∈RN
c1,RN ,V1(x),V2(x)
which is impossible. On the other hand, if |P
ε−Qε|
ε
→ c 6= 0, then U0 and V0 may have
different maximum points. This may contradict with the fact that both U0 and V0 are
radially symmetric and strictly decreasing. Thus |P
ε−Qε|
ε
→ 0. The uniqueness of P ε, Qε
may follow from Claim 8 of [20]. Therefore, we may complete the proof of Theorem 1.3.
5. Proof of Theorem 1.4
In this section, we follow the same ideas of [20] to prove Theorem 1.4. As for the proof
of Lemma 4.2 in [20], the upper bound of cε,Ω,λ1,λ2 is given by
Lemma 5.1. For β >
√
µ1µ2,
cε,Ω,λ1,λ2 ≤ εN
{
c1,RN ,λ1,λ2 + c1 e
−2√λ1(1−σ)Rε + c2 e
−2√λ2(1−σ)Rε
}
, (5.1)
where Rε =
1
ε
max
P∈Ω
d(P, ∂Ω) and cj’s are positive constants.
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Furthermore, the asymptotic behavior of (uε, vε)’s can be summarized as follows:
Lemma 5.2. For ε sufficiently small, uε has only one local maximum point Pε and vε
has only one local maximum point Qε such that
d(Pε, ∂Ω)
ε
→ +∞, d(Qε, ∂Ω)
ε
→ +∞, |Pε −Qε|
ε
→ 0. (5.2)
Let Uε(y) := uε(Pε + εy), Vε(y) := (Qε + εy). Then (Uε, Vε) → (U0, V0), where (U0, V0)
is a least-energy solution of (1.11). Moreover,
ε |▽uε|+ |uε| ≤ Ce−
√
λ1(1−σ) |x−Pε|ε , ε |▽vε|+ |vε| ≤ Ce−
√
λ2(1−σ) |x−Qε |ε . (5.3)
Now we want to complete the proof of Theorem 1.4. We may assume that, passing to
a subsequence, that Pε (or Qε)→ x0 ∈ Ω¯. Thus
dε = d(Pε, ∂Ω)→ d0 := d(x0, ∂Ω), as ε→ 0.
Note that d0 may be zero. Given σ > 0 a small constant, we may choose d
′
0 > 0 and
σ′ > 0 slightly smaller than σ such that
vol(B(x0, d
′
0)) = vol(Ω ∩B(x0, d0 + σ)) and d′0 < d0 + σ′ .
Besides, we may set ηε as a C
∞ cut-off function such that ηε(s) = 1 for 0 ≤ s ≤ dε + σ
′ ,
ηε(s) = 0 for s > dε + σ ,
0 ≤ ηε ≤ 1 , |η′ε| ≤ C .
Let u˜ε(x) = uεηε(|Pε − x|) and v˜ε(x) = vεηε(|Qε − x|). Then we have
lim
ε→0
ε−N
∫
Ω
[2βu˜2εv˜
2
ε + µ1u˜
4
ε + µ2v˜
4
ε ] =
∫
RN
[2βU20V
2
0 + µ1U
4
0 + µ2V
4
0 ] > 0 . (5.4)
Hence ∫
Ω
[2βu˜2εv˜
2
ε + µ1u˜
4
ε + µ2v˜
4
ε ] > 0 ,
as ε sufficiently small.
By the decay estimate (5.3) and Lemma 2.3, we obtain that
cε,Ω,λ1,λ2 ≥ Eε,Ω,λ1,λ2 [tuε, tvε] (5.5)
≥ Eε,Ω˜,λ1,λ2 [tu˜ε, tv˜ε]− εN exp
[
−2
√
λ1
ε
(dε + σ
′)
]
− εN exp
[
−2
√
λ2
ε
(dε + σ
′)
]
for all t ∈ [0, 2], where Ω˜ = Ω∩B(xε, dε+σ) and xε can be Pε or Qε. Let Rε = d
′
ε
ε
, where
d′ε is chosen such that
vol(B(0, d′ε)) = vol(Ω ∩B(xε, dε + σ)).
Using Schwartz’s symmetrization, we have∫
B(0,d′ε)
(u˜∗ε)
2(v˜∗ε)
2 ≥
∫
Ω˜
u˜2εv˜
2
ε
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and then∫
B(0,d′ε)
[2β(u˜∗ε)
2(v˜∗ε)
2 + µ1(u˜
∗
ε)
4 + µ2(v˜
∗
ε)
4] ≥
∫
Ω˜
[2βu˜2εv˜
2
ε + µ1u˜− ε4 + µ2v˜4ε ] > 0 . (5.6)
Thus
Eε,B(0,d′ε),λ1,λ2 [tu˜
∗
ε, tv˜
∗
ε ] ≤ Eε,Ω˜,λ1,λ2 [tu˜ε, tv˜ε] , ∀ t ∈ [0, 2] . (5.7)
Here we have used the fact that β > 0.
By (5.6) and Claim 1 of Theorem 2.1, there exists t∗ ∈ (0, 2] such that
Eε,B(0,d′ε),λ1,λ2 [t
∗u˜∗ε, t
∗v˜∗ε ] ≥ Eε,B(0,d′ε),λ1,λ2[tu˜∗ε, tv˜∗ε ] , ∀t ≥ 0 .
Then by (5.5) and (5.7),
Eε,B(0,d′ε),λ1,λ2[t
∗u˜∗ε, t
∗v˜∗ε ]
≤ Eε,Ω˜,λ1,λ2[t∗u˜ε, t∗v˜ε]
≤ cε,Ω,λ1,λ2 + εN exp
[
−2
√
λ1
ε
(dε + σ
′)
]
+ εN exp
[
−2
√
λ2
ε
(dε + σ
′)
]
,
Eε,B(0,d′ε),λ1,λ2[t
∗u˜∗ε, t
∗v˜∗ε ]
= sup
t>0
Eε,B(0,d′ε),λ1,λ2 [tu˜
∗
ε, tv˜
∗
ε ]
≥ εN inf
u,v≥0,
u 6≡0,v 6≡0,
(u,v)∈N(1,Rε,λ1,λ2)
E1,BRε ,λ1,λ2[u, v]
≥ εN
{
c1,RN ,λ1,λ2 + c3 exp
[
−2(1 + σ)
√
λ1
ε
(dε + o(1))
]}
+εN c4 exp
[
−2(1 + σ)
√
λ2
ε
(dε + o(1))
]
,
where cj ’s are positive constants. Here the last inequality may follow from Lemma 5.1
and Theorem 4.1 of [20]. Thus
cε,Ω,λ1,λ2 ≥ εN

c1,RN ,λ1,λ2 + c3 exp
[
−2(1+σ)
√
λ1
ε
(dε + o(1))
]
+c4 exp
[
−2(1+σ)
√
λ2
ε
(dε + o(1))
]

. (5.8)
Combining the lower and upper bound of cε,Ω,λ1,λ2, we obtain
c3 exp
[
−2(1 + σ)
√
λ1
ε
(dε + o(1))
]
+c4 exp
[
−2(1 + σ)
√
λ2
ε
(dε + o(1))
]
≤ c1 exp
[
−2(1− σ)
√
λ1
ε
(d0 + o(1))
]
+c2 exp
[
−2(1− σ)
√
λ2
ε
(d0 + o(1))
]
.
This then shows that d(Pε, , ∂Ω), d(Qε, ∂Ω)→ max
P∈Ω
d(P, ∂Ω) since |Pε −Qε| → 0. 
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